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Abstract
We construct a measure m on R2 such that the classical Dirichlet form Eðf ; gÞ ¼R ðrf ;rgÞ dm is closable, but the partial Dirichlet form Exðf ; gÞ ¼ R @xf @xg dm is not. This
proves the well-known conjecture of M. Ro¨ckner.
r 2002 Elsevier Inc. All rights reserved.
1. Introduction
The problem of closability of Dirichlet forms arises in the theory of differential
operators, the theory of Sobolev spaces, and stochastic analysis (see [1,3,4,7–9]).
Let ðX ;B; mÞ be a measurable space with positive measure m; L2ðmÞ ¼
L2ðX ;B; mÞ: Recall the deﬁnition of closability of a Dirichlet form E deﬁned on
the domain DCL2ðmÞ [7, p. 28].
Deﬁnition 1.1. The form E is said to be closable on L2ðmÞ if for any sequence of
functions fnAD such that jj fnjjL2ðmÞ n-N! 0 and Eðfn  fm; fn  fmÞ m; n-N! 0; it follows
that Eðfn; fnÞ n-N! 0:
In applications, the closability of gradient Dirichlet forms on ﬁnite- and inﬁnite-
dimensional linear spaces and manifolds is often veriﬁed by the aid of the following
fact: if for some measure m on Rn the partial Dirichlet forms
Eiðf ; gÞ ¼
Z
@f
@xi
@g
@xi
mðdxÞ ð1Þ
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are closable on L2ðmÞ for every i ¼ 1;y; n; then the gradient Dirichlet form
Eðf ; gÞ ¼
Xn
i¼1
Eiðf ; gÞ ð2Þ
is closable on L2ðmÞ as well; the same is true also in inﬁnite dimensions
(cf. [2, Theorem 3.2]). A necessary and sufﬁcient condition of closability of (1)
can be found in [2, Theorem 5.3]. In this relation, the following non-trivial
question arose: is it true that if form (2) is closable on L2ðmÞ then the
partial Dirichlet forms (1) are also closable on L2ðmÞ? About 10 years
ago M. Ro¨ckner conjectured that it is not always true, but no counter-example
was known.
The main aim of this paper is to show that even in the case of R2 the answer is
negative (cf. Example 3.2). Moreover, the measure m constructed as a counter-
example is absolutely continuous with respect to the Lebesgue measure on R2 and
can even have full support (cf. Example 3.3). A positive result of this paper
(employed in the justiﬁcation of our counter-example) is a new sufﬁcient condition
for the closability of gradient Dirichlet forms for a special class of measures on Rn
(see Theorem 2.3).
2. Extensions of Sobolev functions
Let U be an open set in Rn and let pX1: The Sobolev class W 1;pðUÞ is deﬁned as
the completion of the space f f jU : fACNb ðRnÞ : jj f jjp;1oNg with respect to the
Sobolev norm
jj f jjp;1 ¼
Z
U
ðj f j þ jrf jÞp dln
 1=p
;
where ln is the Lebesgue measure on Rn:
Let us recall the following theorem about extension of Sobolev functions (see
[10,5, Chapter VI, Section 3, Theorem 5]).
Theorem 2.1. Let Q be an open set in Rn such that there exist numbers
e;M;N40; and a finite or countable family of open sets fVig with the following
properties:
(1) the e-neighborhood of any point xAQ lies in some Vi;
(2)
P
i 1VipN;
(3) for any i there exists a set Qi that is isometric to some open set of
the form fxnojiðx1;y; xn1Þg; where ji is a Lipschitzian function
with the Lipschitzian constant M; such that Vi-Q ¼ Vi-Qi: Then,
for any pX1; there exists a linear operator E1 of extension from W 1;pðQÞ to
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W 1;pðRnÞ such that
E1f jQ ¼ f ; jjE1f jjLpðRnÞpcpjj f jjLpðQÞ;
jjrðE1f ÞjjLpðRn;RnÞpcpjjrf jjLpðQ;RnÞ:
Lemma 2.2. Let G be a connected open set in Rn and let G0 be an open set such that
G0CG and the open set Q ¼ G\G0 satisfies the hypotheses of Theorem 2:1: Denote by
T the transformation
T :Rn-Rn; TðxÞ ¼ y þ rJðxÞ; ð3Þ
where yARn is a fixed vector, r40; and J is an orthogonal linear operator on Rn: Then,
for any pX1; there exists a linear operator ET of extension from W 1;pðTðG\G0ÞÞ to
W 1;pðTðGÞÞ such that
ET f jTðG\G0Þ ¼ f ;
jjET f jjLpðTðGÞÞpcpjj f jjLpðTðG\G0ÞÞ; ð4Þ
jjrðET f ÞjjLpðTðGÞ;RnÞpcpjjrf jjLpðTðG\G0Þ;RnÞ; ð5Þ
where the constant cp depends only on G and G0 and does not depend on y; r; and J:
Proof. By Theorem 2.1 there exists an operator E1 of extension from W
1;pðG\G0Þ to
W 1;pðRnÞ with
jjE1f jjLpðRnÞpcpjj f jjLpðG\G0Þ; ð6Þ
jjrðE1f ÞjjLpðRn;RnÞpcpjjrf jjLpðG\G0;RnÞ: ð7Þ
Set Ef :¼ E1 f jG: Then estimates (6) and (7) hold also for the corresponding norms
of Ef on G: Let us consider the operator
H : W 1;pðGÞ-W 1;pðTðGÞÞ; Hf ðTxÞ ¼ f ðxÞ:
It is easy to see that jrðHf ÞðTxÞj ¼ 1
r
jrf ðxÞj; and since the Jacobian of the
transformation T equals rn; we have
jjHf jjLpðTðGÞÞ ¼ rn=pjj f jjLpðGÞ;
jjrðHf ÞjjLpðTðGÞ;RnÞ ¼ rn=p1jjrf jjLpðG;RnÞ: ð8Þ
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The same equalities are true for the Lp-norms on TðG\G0Þ and G\G0; respectively.
Now we deﬁne the operator of extension from W 1;pðTðG\G0ÞÞ to W 1;pðTðGÞÞ by
ET :¼ H3E3H1:
Finally, from equalities (8) and estimates (6) and (7) we obtain the desired estimates
(4) and (5). &
From now on we shall assume that, if a Dirichlet form is deﬁned on some subclass
D of L2ðmÞ; m being a measure on Rd ; then
D ¼ fjjsupp m : jACNb Rd
 	g:
Theorem 2.3. Let Q be an open set in Rn satisfying the hypotheses of Theorem 2:1: Let
the connected open sets G and G0CG satisfy the hypotheses of Lemma 2:2: Consider
a countable family of transformations fTkg of form ð3Þ such that TkðGÞCQ and
TkðGÞ-TjðGÞ ¼ | if kaj: Set
S :¼ Q
[N
k¼1
TkðG0Þ:
-
Then
(i) the Dirichlet form
E0ðf ; gÞ ¼
Z
S
ðrf ;rgÞ dln ð9Þ
is well defined and closable on L2ðln jSÞ;
(ii) the Sobolev classes W 1;pðSÞ; pX1; are well defined.
Proof. Fix pA½1;þNÞ: Note that the Sobolev gradient rfALpðS;RnÞ is well
deﬁned for smooth functions, since if fACNb ðRnÞ and f ¼ 0 on S; then rf ¼ 0
on S a.e.
Denote by ETk the operator of extension of functions from W
1;pðTkðG\G0ÞÞ to
W 1;pðTkðGÞÞ constructed in Lemma 2.2. Let fACNb ðRnÞ: Put
E0f ¼
f ðxÞ; xAS;
ðETkðf jTkðG\G0ÞÞÞðxÞ; xATkðG0Þ; kAN;
(
cj ¼
f ðxÞ; xAQ Sjk¼1/ TkðG0Þ;
ðETkð f jTkðG\G0ÞÞÞðxÞ; xATkðG0Þ; k ¼ 1;y; j:
8<
:
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The function cj belongs to the Sobolev class W
1;pðQÞ: Indeed, it belongs to
W 1;pðTkðG0ÞÞ for k ¼ 1;y; j; let f 1m;y; f jm; mAN; be CNb -functions approximating
cj in the jj  jj1;p-norm on TkðGÞ; k ¼ 1;y; j and w0;y; wjACNb be such that
0pwkp1;
Pj
k¼0wk ¼ 1; and wk ¼ 1 on TkðG0Þ; k ¼ 1;y; j: It is easy to check that
the functions f
ð jÞ
m ¼
Pj
k¼0 wkf
k
m coincide with cj on Q\
Sj
k¼1 TkðG0Þ and approximate
cj in jj  jj1;p on Q as m-N:
We have
jjE0 f jjLpðQÞp jj f jjLpðSÞ þ
X
k
jjETk f jjLpðTkðGÞÞ
p jj f jjLpðSÞ þ cp
X
k
jj f jj
LpðTkðG\G0ÞÞpð1þ cpÞ jj f jjLpðSÞ;
since the sets TkðGÞ are disjoint; by analogy,
jjrcjjjLpðQ;RnÞp jjrf jjLpðS;RnÞ þ
X
k
jjrðETk f ÞjjLpðTkðGÞ;RnÞ
p jjrf jjLpðS;RnÞ þ cp
X
k
jjrf jj
LpðTkðG\G0Þ;RnÞ
p ð1þ cpÞ jjrf jjLpðS;RnÞ:
We also have
jcjðxÞjppjE0 f ðxÞjp þ j f ðxÞjp and cjðxÞ j-N! E0 f ðxÞ for a:e: xAQ:
In addition, rcjðxÞ converge a.e. on Q as j-N: Therefore, E0fAW 1;pðQÞ:
Next, we apply the operator E1 of extension from W
1;pðQÞ to W 1;pðRnÞ (which
increases W 1;p-norms not more than in Cp times). We obtain
jjE13E0f jjLpðRnÞpCp ð1þ cpÞjj f jjLpðSÞ;
jjrðE13E0f ÞjjLpðRn;RnÞpCp ð1þ cpÞjjrf jjLpðS;RnÞ:
Suppose we have a mapping VALpðS;RnÞ and a sequence of smooth functions
fkACNb ðRnÞ with
jj fkjjLpðSÞ-0; jjrfk  V jjLpðS;RnÞ-0 as k-N:
In order to prove that the Sobolev class W 1;pðSÞ is well deﬁned, we have to show that
V ¼ 0 a.e. on S: Let gk :¼ E13E0fkAW 1;pðRnÞ; let hkACNb ðRnÞ; jjhk  gkjjW 1;pðRnÞp1k:
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Then we have
jjhkjjLpðRnÞoCpð1þ cpÞjjfkjjLpðSÞ þ
1
k k-N
! 0;
jjrðhk  hmÞjjLpðRn;RnÞoCpð1þ cpÞjjrð fk  fmÞjjLpðS;RnÞ þ
1
m
þ 1
k m; k-N
! 0:
By the closability of Sobolev gradients in Rn this implies that jjrhkjjLpðRn;RnÞ-0:
Since fk ¼ gk on S; we have
jjrfkjjLpðS;RnÞpjjrgkjjLpðRn;RnÞojjrhkjjLpðRn;RnÞ þ
1
k k-N
! 0;
which implies V ¼ 0 a.e. on S: Therefore, the ﬁrst-order Sobolev gradient is well
deﬁned for functions from W 1;pðSÞ; pX1: In particular, if we take p ¼ 2; this implies
the closability of Dirichlet form (9). &
3. Construction of a counter-example
In this section we apply Theorem 2.3 to the plane R2 and the open squares
G ¼ ð3; 3Þ  ð3; 3Þ; G0 ¼ ð2; 2Þ  ð2; 2Þ:
Lemma 3.1. Given a rectangle P ¼ ½a; b  ð0; 1Þ; 0ob  ap1; there exists a set of
squares
Ma;b ¼ fðxk  2e; xk þ 2eÞ  ðyk  2e; yk þ 2eÞgmk¼0
belonging to P such that
(1) ðxk  3e; xk þ 3eÞ  ðyk  3e; yk þ 3eÞCP;
(2) ðxk  3e; xk þ 3eÞ  ðyk  3e; yk þ 3eÞ; k ¼ 0; 1;y;m; are disjoint;
(3) for any hA 1
4
; 3
4
 
; the line fy ¼ hg intersects some square from Ma;b;
(4) let S :¼ ð½a; b  1
4
; 3
4
 Þ\Smk¼0 ððxk  2e; xk þ 2eÞ  ðyk  2e; yk þ 2eÞÞ:
Then there exists a function ga;bACNb ðR2Þ with values in ½0; 1 such that
(a) ga;bða; yÞ ¼ 1; ga;bðb; yÞ ¼ 0; for any y;
(b) @
@x ga;b ¼ 0 on S;
(c) j @@x ga;bjp 9ba:
Proof. Choose a natural number mA½ 2
ba;
3
ba and set
e :¼ 1
6m
; xk :¼ a þ b
2
þ ð1Þk b  a
4
;
yk :¼ 1
4
þ k
2m
¼ 1
4
þ k 3e; k ¼ 0; 1;y;m:
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Fig. 1 shows the location of our squares in the case m ¼ 3: Condition (1) is fulﬁlled
because for any point ðx; yÞAðxk  3e; xk þ 3eÞ  ðyk  3e; yk þ 3eÞ one has
x  a þ b
2

ob  a4 þ 3e ¼ b  a4 þ 12mpb  a2 ;
0p1
4
 1
2m
¼ 1
4
 3eoyo1
4
þ m
2m
þ 3e ¼ 3
4
þ 1
2m
p1:
In order to check (2), we note that the squares ðxk  3e; xk þ 3eÞ  ðyk  3e; yk þ
3eÞ with even k lie in the region fx4ða þ bÞ=2g and those with odd k lie in the region
fxoða þ bÞ=2g: If we take j and k such that jk  jjX2; then jyk  yijX1=m ¼ 6e; due
to this estimate the two squares are disjoint. Condition (3) follows from the
containment
1
4
;
3
4
 
C
[m
k¼0
ðyk  2e; yk þ 2eÞ: ð10Þ
(4) It follows from (10) that there exists a set of non-negative functions
w0; w1;y; wmAC
N
b ðRÞ
with supp wk ¼ ðN; y0 þ 2e if k ¼ 0; ½yk  2e; yk þ 2e if 0okom; and ½ym 
2e;þNÞ if k ¼ m; such that
Xm
k¼0
wkðyÞ ¼ 1 8yAR:
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Let zba denote a function from the class C
N
0 ðRÞ such that
supp zba ¼ ½a; b; 0pzbap
2
b a;
Z
zbaðxÞ dx ¼ 1:
Put
jðx; yÞ :¼
Xm
k¼0
zxkþ2exk2eðxÞ wkðyÞ:
Then jACNb ðR2Þ; j ¼ 0 on the set S; andZ b
a
jðx; yÞ dx ¼
Xm
k¼0
wkðyÞ
Z b
a
zxkþ2exk2eðxÞ ¼ 1 8yAR:
Note that
sup
x;y
jjðx; yÞjp sup
x
jzxkþ2exk2eðxÞjp
1
2e
:
Finally, let
ga;bðx; yÞ :¼
Z b
x
jðt; yÞ dt:
This function belongs to CNb ðR2Þ and satisﬁes (a)–(c), since 12e ¼ 3mp 9ba: &
Now let us recall the construction of a ‘‘thick Cantor set’’.
Step 1: Begin with I :¼ ½0; 1: In the center of I take the interval ða; bÞ of the length
41; i.e., a ¼ 3
8
; b ¼ 5
8
: Then I\ða; bÞ splits into two closed intervals I0 ¼ ½0; 38 and
I1 ¼ ½58; 1:
Step 2: In the center of I0 take the interval ða0; b0Þ of the length 42; then I0\ða0; b0Þ
splits into I00 and I01: In the center of I1 take the interval ða1; b1Þ of the length 42;
then I1\ða1; b1Þ splits into I10 and I11:
Step 3: In the centers of I00; I01; I10; I11; take the intervals ða00; b00Þ;
ða01; b01Þ; ða10; b10Þ; ða11; b11Þ; respectively, each one having the length 43; thus we
obtain 8 closed intervals
I000; I001; I010; I011; I100; I101; I110; I111:
Then we proceed inductively. The closed intervals of the nth generation are shorter
than 2n; but the limiting compact set
K ¼ I\ða; bÞ\ða0; b0Þ\ða1; b1Þ\ða00; b00Þ\ða01; b01Þ
\ða10; b10Þ\ða11; b11Þ\y
has the Lebesgue measure 1=2:
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Now, we shall give an example of a measure m such that the Dirichlet form
Eð f ; gÞ ¼ R ðrf ;rgÞ dm is closable on L2ðmÞ; but the partial Dirichlet form
Exð f ; gÞ ¼
R
@xf @xg dm is not. This measure is the restriction of Lebesgue measure
to a certain set F : It should be mentioned that the construction of the example
borrows some ideas from the proof of [1, Theorem 5.3] and the appendix in [1].
Example 3.2. Let Q ¼ ð0; 1Þ  ð0; 1Þ: By using Lemma 3.1 we construct the
countable set of squares
M ¼Ma;b,
[N
n¼1
[1
i1¼0
?
[1
in¼0
Mai1yin;bi1yin
 !
:
Set
F :¼ Q
[
KAM
%K
-
:
By construction of the intervals ða; bÞ and the squares from Ma;b ; it is obvious
that the squares fromM satisfy the hypotheses of Theorem 2.3. It follows from the
theorem that the Dirichlet form
Eð f ; gÞ ¼
Z
F
ðrf ;rgÞ dl2
is closable on L2ðl2 j FÞ: Next, we shall prove that the Dirichlet form
Exð f ; gÞ ¼
Z
F
@f
@x
@g
@x
dl2 ð11Þ
fails to be closable on L2ðl2 jF Þ: To this end, we construct a sequence of functions
fnACNb ðR2Þ such that f fng converges to zero in L2ðFÞ :¼ L2ðl2 jF Þ; but @fn=@x
converge in L2ðFÞ to a function that differs from zero on a set of positive Lebesgue
measure.
Denote by xeðs;tÞ a function from C
N
b ðRÞ with the following properties:
xeðs;tÞðxÞ ¼ 0 if xps;
ðxeðs;tÞÞ0ðxÞ ¼ 0 if xXt;
ðxeðs;tÞÞ0ðxÞ ¼ 1 if s þ eðt  sÞpxpt  eðt  sÞ;
0pðxeðs;tÞÞ0ðxÞp1 for any x:
Fix a function yACN0 ðRÞ with the support ½14; 34 such that 1XyðyÞ40 if 14oyo34:
After these preparations, we begin to construct the functions fn: We set
f1ðx; yÞ :¼
yðyÞx41I0 ðxÞ if xAI0;
yðyÞx41I0 ðaÞga;bðx; yÞ if xAða; bÞ;
yðyÞx41I1 ðxÞ if xAI1;
8>><
>:
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f2ðx; yÞ :¼
yðyÞx42I00 ðxÞ if xAI00;
yðyÞx42I00 ða0Þga0;b0ðx; yÞ if xAða0; b0Þ;
yðyÞx42I01 ðxÞ if xAI01;
yðyÞx42I01 ðaÞga;bðx; yÞ if xAða; bÞ;
yðyÞx42I10 ðxÞ if xAI10;
yðyÞx42I10 ða1Þga1;b1ðx; yÞ if xAða1; b1Þ;
yðyÞx42I11 ðxÞ if xAI11:
8>>>>>>>><
>>>>>>>>:
Then we proceed inductively. In the process of construction of fn we use the
functions x4
n
I corresponding to the closed intervals of the nth generation and the
functions ga;b corresponding to the intervals that we have taken in the ﬁrst n steps
(see the construction of the ‘‘thick Cantor set’’). Finally, we put
if xp0; then f ðx; yÞ ¼ f ð0; yÞ ¼ 0; if xX1; then f ðx; yÞ ¼ f ð1; yÞ e1x:
It is easy to check the following properties of the functions fn:
0pfnðx; yÞo2n; ð12Þ
0p@fnðx; yÞ
@x
p1 on F : ð13Þ
On the squares from Mai1yik ;bi1yik one has
@fnðx; yÞ
@x

o 94ðkþ1Þ; k ¼ 0; 1; 2;y; ð14Þ
and for a.e. ðx; yÞAR2
lim
n-N
@fnðx; yÞ
@x
¼: Vðx; yÞ ¼ yðyÞ if xAK;
0 if xeK:

ð15Þ
Outside the unit square we have
fnðx; yÞ ¼
0 if yp0 or yX1;
0 if xp0;
cn yðyÞ e1x if xX1;
8><
>:
where cn ¼ x4nI1y1|ﬄ{zﬄ}
n times
ð1Þo2n: Therefore,
fn n-N! 0 and @fn@x n-N! V in L2ðFÞ:
But Vðx; yÞ40 on the set K ð1
4
; 3
4
Þ that has measure 1
4
: This completes our example.
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The measure constructed in Example 3.2 is supported by a set with ‘‘holes’’. However,
it is possible to reﬁne this measure so that its support will coincide with all of R2:
Example 3.3. Set m :¼ r l2; where
rðx; yÞ ¼
1 if ðx; yÞAF or ðx; yÞeQ;
161 if ðx; yÞAKAMa;b;
16ðmþ1Þ if ðx; yÞAKAMai1yim;bi1yim ; mAN:
8><
>:
The Dirichlet form
E0ð f ; gÞ ¼
Z
ðrf ;rgÞ dm
is closable on L2ðmÞ because it is the sum of the form E from Example 3.2, the
classical Dirichlet forms on the squares KAM and the classical Dirichlet form on
R2\Q; whose closability follows from Theorem 2.1. In order to prove non-closability
of the form
E0xð f ; gÞ ¼
Z
@f
@x
@g
@x
dm
on L2ðmÞ; consider the same sequence of functions fnACNb ðR2Þ as in Example 3.2. It
follows from (12) that jj fnjjL2ðmÞ n-N! 0: From estimates (13) and (14) we see that the
functions j@fn=@xj are majorized by the function
Mðx; yÞ ¼
1 if ðx; yÞAF ;
9=4ðmþ1Þ if ðx; yÞAKAMai1yim;bi1yim ; m ¼ 0; 1; 2;y;
e1x if x41 and 0oyo1;
0 if xo0 or yp0 or yX1:
8>><
>>:
But
jjMjj2L2ðmÞp 1þ
XN
m¼0
16ðmþ1Þ
X1
i1¼0
?
X1
im¼0
9
4ðmþ1Þ
 2 X
KAMai1yim ;bi1yim
l2ðKÞ þ 1
2
p 3
2
þ
XN
m¼0
16ðmþ1Þ 2m
9
4ðmþ1Þ
 2
4ðmþ1Þ
¼ 3
2
þ 81
4
XN
m¼0
2m ¼ 42:
Since
@fnðx; yÞ
@x n-N
! Vðx; yÞ for l2-a:e: ðx; yÞAR2;
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by the Lebesgue dominated convergence theorem we have
VAL2ðmÞ; @fn
@x
 V




L2ðmÞn-N
! 0;
therefore, since mfðx; yÞ : Vðx; yÞ40g40; the form E0x is not closable on L2ðmÞ:
Remark 3.4. It is possible to check that Dirichlet form (11) in Examples 3.2 and 3.3
is not closable, without explicit construction of a sequence of smooth functions.
It can be checked that in both cases the condition [2, Theorem 3.2] (that is a
generalization of Hamza condition [6]) is not fulﬁlled.
Now we shall extend the result of this paper to the d-dimensional case.
Corollary 3.5. Let dAN: There exists a measure n on Rd such that the Dirichlet form
Enh1;y;hd ð f ; gÞ ¼
Xd
k¼1
hk
Z
@f ð~xÞ
@xk
@gð~xÞ
@xk
nðd~xÞ; h1;y; hdX0 ð16Þ
is closable on L2ðnÞ if and only if h1 y  hd40:
Proof. Let r be the density function constructed in Example 3.3. Set
rijðx1;y; xdÞ :¼ rðxi; xjÞ; nij :¼ rij ld ; i; j ¼ 1;y; d; iaj:
Then the Dirichlet form E
nij
h1;y;hd
is closable on L2ðnijÞ if h1;y; hd40: Indeed, it is
sufﬁcient to consider the gradient Dirichlet form
E
nij
1;y;1ð f ; gÞ ¼
Z
ðrf ð~xÞ;rgð~xÞÞnijðd~xÞ ð17Þ
because one has the following estimate with some A4a40:
aE
nij
1;y;1ð f ; f ÞpEnijh1;y;hd ð f ; f ÞpA E
nij
1;y;1ð f ; f Þ:
But nij ¼ mij  mij ; where
mij ¼#
d
k¼1
kai;j
dxk and mij ¼ mðdxi; dxjÞ;
where m is the measure from Example 3.3. For both measures mij (on Rn2Þ and mij
(on R2Þ the gradient Dirichlet forms are closable, therefore, so is (17).
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Take the measure
n :¼
Xd
i;j¼1
iaj
wij #nij ;
where #nij is the image of nij under the parallel shift along the vector 2ei þ 4ej; and
fwijg1pi;jpd;iajCCNb ðRdÞ is a partition of unity on Rd ; such that
wijX0;
X
i;j
wij ¼ 1; wijðx1;y; xdÞ ¼ 1 if xiX2 and xjX4:
For any h1;y; hd ; h1 y  hd40; Dirichlet form (16) is closable on L2ðnÞ because
the corresponding forms over measures #nij are closable. If hj ¼ 0 and hi40; we can
take the sequence of functions
f˜nð~xÞ :¼
fnðxi  2; xj  4Þ if xi42; xj44;
0 if xip2 or xjp4;

where fn is the function from Example 3.2. Then f˜nACNb ðRdÞ; jjf˜njjL2ðnÞ n-N! 0; for
kai; kaj; we have @ f˜n@xk  0; but
@f˜nð~xÞ
@xi n-N
!L2ðnÞ Uð~xÞ ¼ Vðxi  2; xj  4Þ if xi42; xj44;
0 if xip2 or xjp4;

where V is the function deﬁned in (15) in Example 3.2. We have
Enh1;y;hd ð f˜n  f˜m; f˜n  f˜mÞ
¼ hi
Z
Rd
@ð f˜nð~xÞ  f˜mð~xÞÞ
@xi


2
nðd~xÞ
¼ hi
Z
R2
@ð fnðxi; xjÞ  fmðxi; xjÞÞ
@xi

2rðxi; xjÞ dxi dxj m; n-N! 0:
But nfU40g ¼ RfV40g rðx; yÞ dx dy ¼ 14; hence
Enh1;y;hd ð f˜n; f˜nÞ n-N! hi
Z
R2
V 2ðxi; xjÞrðxi; xjÞ dxi dxj40:
Therefore, Dirichlet form (16) is not closable on L2ðnÞ: &
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